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Abstract 

The renormalization group transformation for the hierarchical 0{N) spin model in four dimensions is studied by 
means of characteristic functions of single-site measures, and convergence of the critical trajectory to the Gaussian 
fixed point is shown for a sufficiently large A'^. In the strong coupling regime, the trajectory is controlled by the 
help of the exactly solved 0{oo) trajectory, while, in the weak coupling regime, convergence to the Gaussian fixed 
point is shown by power decay of the effective coupling constant. 
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In order to study a critical spin system with a large coupling constant, it is necessary to control the 
renormalization group trajectory in a strong coupling regime. In the case of the hierarchical Ising model 
in four dimensions, the method using characteristic functions of single-site measures was developed and 
the critical trajectory was shown to converge to a Gaussian measure 0. This means that the hierarchical 
Ising model in four dimensions is trivial, namely, the continuum limit of the system is Gaussian. 

In the present paper, we study the hierarchical 0{N) spin model in four dimensions and show the 
triviality of this model for a sufficiently large iV. 

Let N > 1 and A > be integers. We consider Dyson's hierarchical spin model [S with 0{N) 
symmetry on the lattice La = {0, 1}"^: 



»eA,...,ei e 



7,N 



-y— y 

2 (2w)" ^ 



...,ei=o,i 



PeA,...,ei 



eA,...,e„+i=o,i 
d0F(0)exp(~/3i/A(0)) n hf\4>B). 



where /3 > and 



= 2^''^ , d>2 



For the normalized single site measure density h\^\ we choose 



h\^\x) — const. (5(|a;| — \/Na) , x e 



(1.1) 

(1.2) 
(1.3) 
(1.4) 

(1.5) 
(1.6) 



for a > 0. This spin system is called the d dimensional hierarchical 0{N) spin model (slightly different 
from the version considered in jSJED- In what follows, we shall fix the so far arbitrary normalization of 
the spin variables by 

(1.7) 
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Hierarchical models are so designed that the block-spin renormalization group transformation TZ has 
a simple form. Define the block spins cj)' by 



— 2^ '^^^ei ' T = (rA_i, ...,ri). 

If a function depends on through cf)' only, namely, if there is a function F'{(f>') of the block spins 

such that 

F(</>)=F'(0'), 



then it holds that 



where TZ is the mapping defined by 



Tlh, 



(«) 



7^/^(a;) = const. exp(^|xp) y ^ + y)H^x - y) dy. 



a; e M^. (1.8) 



Macroscopic properties for the spin system defined by (|l.l(l " (|1.4(l are derived from the asymptotic behavior 
of the renormalization group trajectory 

hi^^ = 7^"4^^ , n > 0. (1.9) 

Note that 

/iG(a^) = const. exp(--|a;p) (1-10) 

is a fixed point of TZ, and the expectation ( • )a./ig defines a Gaussian measure. We refer to ha as the 
trivial fixed point of TZ. 

In a weak coupling regime, i.e. in a vicinity of the trivial fixed point ha, rigorous methods were 
developed to control the renormalization group trajectory for TZ |5l|H|^3. However, in order to show 
existence of the critical trajectory H1.9|l . we need to study the mapping TZ in the strong (as well as weak) 
coupling regime, since the starting point (|1.6|l is regarded as the strong coupling limit of multi-component 
A(/)* measure: 

5(|a;|-7)= lim const. exp(-A|a;|'* -f 2A72|a;p) . 

A — >oo 

In the present paper, we study the trajectory (|1.9|l and show that the critical trajectory converges to 
the trivial fixed point he. To be precise: 

Theorem 1.1 Let d — A. For a sufficiently large N, there exists a positive constant such that if 
h\^\ n > 0, are defined by (|1.6|) and (|1.9|l with a = ajq , then the sequence of measures hi^\x)dx, n > 0, 
weakly converges to the trivial fixed point measure hQ{x)dx as n oo. 

As a result of the above theorem, we see that 'the continuum limit' constructed by using the critical 
trajectory is Gaussian. 

Our proof of Theorem ll.ll is based on the method using characteristic functions of single-site measures 
developed in |7]. In the present paper, we analyze the 0{N) trajectories in the strong coupling regime by 
explicitly solving 0(oo) trajectories and by estimating differences between 0(oo) and 0{N) trajectories. 
Thus, if A'^ is sufficiently large, we can deal with the renormalization group transformation by hand in 
contrast with the case iV = 1 solved in [7| , in which the analysis in the strong coupling regime is partially 
computer aided. On the other hand, our argument in the weak coupling regime is essentially the same 
as Q. 

As is stated in Theorem ll.il we concentrate on the case d = 4 and put w = V2, though a parallel 
argument is possible for d > 4. 
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2 Outline of the proof 

The proof of Theorem 1 1.1 1 is decomposed into three parts: 

(1) 0{N) trajectory in the weak coupling regime 

We obtain a criterion for the trajectory (|1.9|l to converge to he assuming that the trajectory 
has entered a vicinity of ha (^Proposition 12. ill . Our criterion is stated in terms of characteristic 
functions and differs from the one given in |llj , which is so comphcated that it is not clear whether 
the trajectory starting at (|1.6|) meets it. 

(2) 0{(X)) trajectory 

We exphcitly calculate the 0(oo) trajectories, i.e. the trajectories corresponding to A'' = oo, and 
derive the asymptotic behavior of trajectories near the critical point fProposition 12 . 2|) . 

(3) Prom 0{N) trajectory to 0(oo) trajectory 

We show that an 0{N) trajectory converges to an 0{oo) trajectory as oo (Proposition I2.3|) . 

Consequently, we can find the critical 0{N) trajectory in the vicinity of the critical 0(oo) trajectory 
for a sufficiently large N. 

In this section, we describe the outline of our argument and prove Theorem 11.11 assuming Proposi- 
tion Proposition 12. 21 and Proposition 12.31 stated below. These propositions are proved in the subse- 
quent sections. 

2.1 Characteristic functions 

We consider characteristic functions of effective measures 



and write the renormalization group transformation for hi^^ as 

hm=:FTZ:F-'hZ{=TShZ\, (2.1) 

where 

55(0=5(^0', (2.2) 



Tg{^) = const. exp(-^A)g(^) . (2.3) 

In the above, A denotes the N dimensional Laplacian and the constant is chosen so that 

Tg (0)^1 

holds. Since hi^^ has spherical symmetry, we shall often write 
where — \^\. 

The mapping TS has the trivial fixed point hdO — 6xp(— ^^). 
2.2 The Lee— Yang property 

Let us introduce a 'potential' Vn^'' (^) and its Taylor coefficients by 

oo 

fc=i 
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for n > 0. (Note that hit'\o) — 1, i.e. Vn^\o) — 0.) The coefBcient /^[.^^ is called a truncated correlation. 

Since 'hi^\^) is even, z^^^-* vanishes if k is odd. 

As is well-known, the hierarchical model has the Lee- Yang property for any iV > 1: hi^\^) has only 
real zeros. (See e.g. ^.) As a result, the truncated correlations have the bound ^IQi : 

< < (2MfJ)^/^ A: > 3, n > 0. (2.6) 

This implies the following: 

(1) The Taylor expansion in the right hand side of (|2.5|l has a nonzero radius of convergence; 

(2) It suffices to prove lim„^oo M4^' = in order to ensure lim„^oo /^2*fn ^ ^ ^'^^ all k > 2, which 
implies weak convergence of the trajectory to a Gaussian measure. 

Next we introduce the scaled potential vl^^ (77) and its Taylor expansion by 

00 

W = T7V;'^HVa^^)=E'^K^'?'' "^0- (2.7) 



N 



k=l 



In other words, we scale the truncated correlation /^^^j' as 

fc>l, n>0. 

Then, i^jf^J turns out to be 0(1) with respect to N fLemma l5.4ll . Wc refer to i^jf^J as a scaled truncated 
correlation. In particular, for the trivial fixed point measure hcix), the scaled potential is given by 

vg{v)^v'- (2.8) 

2.3 Differential equations for potentials 

In view of (|2.2|l and (|2.3II . we consider the following equation: 

^/iW(i,|) = -A/iW(i^^)^ n> [0,/3/2] , (2.9) 



or, equivalently 



§-thirHt,0 = -^hi^Ht,0 - ^|e)(t,0, - > e [0,/3/2] , 



with the initial condition 



Then, we have 

= i— , n>\. 

We also define the f-dependent scaled potential and its expansion by 

vir^ (t, ri)^-^ log hi!"^ (i, VNr^) = f; (t)r;\ n > 1, < G [0, f3/2] 

k=l 
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Then, the potentials vi^\t,ri),n > 1, obey 

|,<-(t.,)^ (|.<"'«.,))^(i-^)^|;.r>(«.,)-^|^.r'«,,) , (2,10) 

v'^>(0,„) = 2vi"_\{^„) , (2.11) 

eH^) = e^(f,^)~-r^(f,0), (2.12) 
and the Taylor coefficients v^Jnit), ] > l,n > 1, obey 

- E -^-^^^(^)-S^(i) - + 2)(1 + |)-^52,n(0 , (2.13) 

m+i=2j+2 





m,l>2 


■S(0) 


2 , 







(AT) 



(2.14) 
(2.15) 

The scaled potential (|2.8(l is a fixed point of the above recursion relations. 
Note that v'^^^J^it) has the positivity due to the Lee- Yang property 

'^2SW>0, J>l,n>l, (2.16) 

since v^n{t) is regarded as a scaled truncated correlation for a hierarchical model with t-dependence. 
(See ^-^.) 



2.4 Proof of Theorem fTTl 



In the weak coupling regime, i.e. in the vicinity of the trivial fixed point H2.8|l . we write z^^, „ , A: = 2, 6, 8, 
as follows: 

-f„^ = l + ;^(l + >f„^+CVf/, (2.17) 



6,n 



4<:^ +Cvi;,V , (2.18) 
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-fJ^C^fJ , (2.19) 

where v^^^'^ is assumed to be small. In fact, analyzing solutions to H2.13|l - (|2.15|l . we obtain the following 
proposition (proved at the end of Section |2J|. 

Proposition 2.1 Suppose that there exist a positive integer ni and positive constants a± {a- < «+) 
such that 

(1) it holds that 

C!=C, ifa = a+, (2.20) 

C!=-C, ifa^a., (2.21) 

(2) for a G [Q!_,a+], the following conditions are satisfied: 

icf„!i<c, 
-1"! < ^ > 
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where C)£)£o a^^^ ei c-fs positive constants determined in Section \'i.'A Then, there exists a value ajv S 
a+] such that 



lim = 1 > (2-22) 



lim j/V,V = (2.23) 

n—^oo ' 

hold at a — ajsf . 

Next we formally put = oo in H2.10(l . Namely, we consider the equation 

(2.24) 



with 



^;^)(0,ry) = 2^;i^l(-^ry), (2.25) 



vlrHv) = vi°^\^,v)~vlrH^,0). (2.26) 



where the initial point is chosen as follows (see Lemma l4.1f) 



vt\v)^ / drj (= lim vlf'\rj)) . (2.27) 



,(oo) 

2,71 






,(oo) 
6,n 




(oo)3 


,(oo) 
8,ri 


_ ^(oo) (oo)3 





1 + yr^^icAf 

In Sectional we solve H2.24|I " H2.27|I . The solution is referred to as the 0{oo) trajectory. As is seen in 
Sectional the critical value of a is ^2 + V2 and the critical trajectory tends to the trivial fixed point 
(|2.8|) as n ^ oo. (See Lemma EH) 
Now, consider the Taylor expansion 

oo 

^^H^)=E'^S^'' ' ^^0' (2-28) 
and write i^l^ , fc = 2, 6, 8, n > as: 

(2.29) 
(2.30) 

c^=ar-ir" ■ (2-31) 

Then we have the following proposition (proved at the end of Section 0J. 

Proposition 2.2 There exist a positive integer ui and positive constants a++,Q; (q;++ > a ) such 

that 

(1) it holds that 

C£i>2C, ata = a++, (2.32) 
(:i'%\<-2(:, ata^a^., (2.33) 

(2) for a G [a ,Q!_|_+], the following conditions are satisfied: 

< '^tnl < r ' (2.34) 
\CtyCl<l^o, (2.35) 

\CtnyCnl<l^l- (2-36) 
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In the above, Ci^^^Q o,nd ei are the same constants as in Provosition \2. 1\ 



Finally we show that the 0{N) trajectory is approximated by the 0(oo) trajectory (proved at the 
end of Section ISJ. 

Proposition 2.3 For each j — 1,2, ■ ■ ■ , and for each n = 0, 1, 2, • • • , it holds that 

hm = 45 . (2.37) 

The convergence is uniform in a on any compact subset of {0,oo). 

This fact is by no means trivial, because H2.10|l is a singular perturbation of (|2.24|l . to which the 
standard theory of differential equations does not apply: note that H2.9() is a diffusion equation in the 
inverse direction of time. We show Proposition 12 . 31 bv means of expansion developed in iSj. 

Theorem II . II readilv follows from Proposition 12 . ll Proposition 12 . 21 and Proposition |^3I 

Proof of Theorem M.lX We first use Proposition 12 . 21 and fix the integer ni. Then using Proposition 12 . 31 for 
n = ni and j < 4, we see, for a sufficiently large N, that 

AN) . 

^2,ni — ^ 



and that, for a G [a ,q;+-|_], 



d^nl <-C, at a = a_ 



lAN) : (N) 



IS8,ni r4,rii ^ ^ 



Since C2ri\ is continuous with respect to a G [a we can choose a subinterval [q!_,Q!+] C 

[a , so that the assumptions of Proposition 12.11 are satisfied. Theorem 11.11 follows from H2.22|l 

and ifT^ by virtue of □ 



3 0{N) trajectory in weak coupling regime 

In this section, we analyze the solution to H2.13|l - 12.15|) in the weak coupling regime and prove Proposi- 
tion O We shaU abbreviate i^i1\t), v[^2 and C^^' as i^k,n{t), i^k,n and Ck,n, respectively, since we fix 
N throughout this section. All the bounds in this section are uniform in N. 

3.1 Recursion 

Let us consider H2.13|l - H2.15(l . We introduce functions \2j,n{T),j > 1," > 1, by 

V2j,n{t) ^ a{t)uj^'^V2,n-lSj.l + a{tf^ X2-j.n{<y{t)t) , j > l,n> 1, 

in order to separate the main contribution a{t)uj~^i'2.n-i to the 'mass term' i'2,nit), where 

1 

In what follows, we assume that a{t) is defined for t E [0,/3/2] = [0, {uj — l)/4]. This is the case if i'2,n-i 
is close to 1. 
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It is easily seen that A2j,n(T), j > 1, satisfy the same equations as those for v'^nit): 

^A2j,„(r)= ^"^Vn(r)A£,„(T)-(2j + 2)(l + ^)A2j+2,n(r) , j>l, (3.1) 



m,i>2 



with 



, J = 1 

->^2j,n-l , j > 2 

l^2j,n = rV2,n-lSj,l + (ruj)'^^ X2j,„{T) , j>l, (3.3) 



A2,,„(0)= (3.2) 



where 



l-(^-l)(j^2,n-l-l) ' 



(3.4) 



r=ic.(^-l)r. (3.5) 
Let us rewrite (|3.1ll and 13.2|l for j < 4 as integral equations: 

A2,„(r) = / (4A2,„(r)2 - 4(1 + l)A4,„(T))dT , (3.6) 

1 /"^ 4 

A4,n(T) = ■r-^i'4,n-i + / (16A2,„(T)A4.„(r) - 6(1 + —)A6. „(r))dr , (3.7) 

A6,n(T) - Al'e.n-l + / (24A2,„(t)A6,„(t) + 16A4,„(t)2 - 8(1 + ^)Xs.n{T))dT , (3.8) 

4w^ Jo iV 

A8.„(t) = ^^8,n-i + ^ (32A2,„(r)A8,„(T) + 48A4,„(t)A6,„(t) - 10(1 + ^)Aio,„ (T))dr . (3.9) 

We now derive expressions for Ck,n,j — 2,6,8, introduced in (|2.17() - (|2.19|l and confirm the 'marginal 
behavior' of t^4,„ by using uj — \/2 (d — A). Successive use of ()3.6|) - (|3.9() yields 

A2,„(t) = -4(1 + ^)^iy^^„_,T + X2{t) , 

A4,n(T) = '^Vi.n-l + Xi{T) , 

A6,«(t) = -^j=VQ^n-l + fln~lT + ^6(t) , 

A8,«(t") = -^^s,"-! +^s{t) , 

where 



Mr) = 


/ (4A2,„(t)2-4(14 
Jq 


- ^)Xi{T))dT , 




(3.10) 


X^r) = 


f (16A2.„(r)A4,„(r) 

"'0 


-6(l + ^)A6,„(T))dT , 




(3.11) 


Mr) = 


/ (24A2,„(r)A6,„(T) 

"'0 


-8zy4,„-iX4(r) + 16X4(r)2 


-8(l + ^)A8^„(r))dr , 


(3.12) 


Xs{r) = 


/ (32A2,„(t)A8.„(t) 
Jo 


+ 48A4,„(r)A6,„(r) - 10(1 + 


g 

-^)Aio,«('r))dr . 


(3.13) 



8 



Using the above expressions, we obtain the foUowing recursion relations: 

(:2,nl^ln = \/2<2,„-lJ^4' n-1 + >2 , (3.14) 

C.&,nvin = -^r^Q^.n-lvln-l + ^6 , (3.15) 

C8,n4n = \r\6,n~ll^ln-l + >8 , (3.16) 

t^i.n = i^4,«-l - (^ + J^)^l.n-l + , (3.17) 

where 

1 / 2 , , , r - 1 , 2 , 

^2 = ^(1 + ^)(l'4,n-l - Vi^n) + "^(1 + -^^i^n-l 

+ (1 - ^)(^ - ^')(1 + ^y^.n-i + 2r2X2(T) , (3.18) 
Y, = -(3 - 2V2)(1 + |)(r6 - l)^2„_i - 3(V2 - 1)(1 + ^){r^ - \)vl^^^ 

3(3 -2V2) ^^ ^ ^^^^e _ ^ _ 2V2)(1 + |)(r - 1).|,„_, 

+ 4(x/2 - l)rC2,„-ii^L-i + (^ - !)'(?'' + 2r + 3)//4^„-i + ^r^X^{T) 
-64(l + ^)r4i.4,„_i /" TXiir) dr + 6Ar^ f X2(T)A4,„(r) dr 

- ^^^^1^(1 + ^)r'C6,n-l4„_l - 24(1 + 1^ X,{T)dT , (3.19) 

Ye = 4(^.2 - J + 2V2(r6 - l)^.^ + (4 - 2V2)(r^ - + 8r'Xe{T) , (3.20) 

Ys = 16r8X8(T) . (3.21) 

3.2 Bounds 

Let us derive bounds on C2j,n, j = 1,3,4, and ly^^n by means of H3.14|l - H3.17|l . Our starting point is: 

Afc,„(T)>0, fc = 4,6,8,10, (3.22) 

A2,„(r) < . (3.23) 

The first inequahty comes from (|2.1()|) . The second one is shown as follows. From (|2.13l) . we see that 
(t) obeys 

whereas the function £'2.n 

{t) = (T{t)uj^^v2.n-i satisfies 

^£>2,n(0 = 4£>2,«(i)^ ■ 

Since 1^2, n(0) — t'2,ri(0) and 1/4, „(t) > 0, we have 

V2,n{t) < l'2.n{t) , 

and hence (|3.23|) . 

Using H3.22|l and ()3.23(l . we obtain the following lemma. 

Lemma 3.1 Suppose that i^4.ri-i and Cm.n-i,"^ = 2,6,8, satisfy 

VA^n-i < eo, (3.24) 

ICm,n-i|i'4,n-i < eo , m = 2, 6, 8. (3.25) 
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Then i^4.„ and Cm,n, m — 2,6, 8, satisfy 

1^4,71-1 - ^h'l^n-l < ^i,n < '^4,n~l " ^i^l^n-l, (3.26) 

|C2,«- V2C2,„-l| < Ci , (3.27) 
ICe.nl < 0.8|C6,„-l| + C2{1 + C8,n-l), (3.28) 
ICs^nl <0.6|C8,n-l|+C3 , (3.29) 

where Ci,C2,C^ and eo are positive constants independent of N,n and a. 
Proof. Suppose that lyk^n-i, k = 2,6, 8, have the foUowing forms 

1,2, ^ 2 

''2,n-l = 1 + -^(1 + —)V4,n-l + C2,ri- 1 1^4,«- 1 > 
l^e.n-l = 4^'|^„_i + C6,n-lt^4,n-l ) 

with the bounds H3.24|l and H3.25|l . Then, if wc choose eg sufficiently small, equations H3.4|l - H3.8|l together 
with and yield 

1 < r < 1 + 5i^4,„_i , 

0<T<i, 
3 

- -l^A.n^l < A2.„(t) < , 

5 

< A4,„(t) < ^1^4,71-1 , 

< A6^„(t) < 4„_i . 
Using the above bounds, we have for r G [0, T] 
|X2(t)| < const. iy|„_i , 
|X4(t)| < const. iy|„_i , 

\X(i{T)\ < const. (1 + Cs.n-Ol'in-l , 

Xs{t) < const. z/|„_i , 



and hence 



IF2I < const. i/| „„i 



lYel < const.(l + |C8,«-i|)j^| 
Ys < const. z/? 



mi < COnSt.(l + |C2,n-l| + |C6,n-l| + | Cs.n-l | )<„_ 1 

rg ^ consi.i/4 „_;^ . 

The lemma follows from the above bounds and (|3.14|) - H3.17|) combined with the assumptions (|3.24|) and 
(|3.25|) . if we choose appropriate constants Ci, C2 and C3. □ 

Remark. The function a{t) is well-defined on [0,(3/2] under H3.24|l and H3.25|l . if we choose eq sufficiently 
small. 

Using the positive constants Ci, C2, C3 and eo in Lemma l3. II we put 



C=(V2 + l)Ci, (3.30) 
ei = min(eo, ^^) , (3.31) 
. eo eo 2ei 
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Proof of Provosition \2.1\ Put A = [a-^a+\. Under the assumption (2) of Proposition 12.11 we see that 
(|3.24|l and H3.25|l are satisfied for n = ni + 1 and for any a ^ A. From the assumption (1) and (|3.27|l . we 
have 

C2,ni+i > C at a «+ , (3.33) 
C2,ni+i < -C at a = a_ . (3.34) 

These bounds imply that C2,ni+i I'uns through [— C, C] when a scans A. Then, we can find a subinterval 
A' ~ [a'_, a+] of A such that 

C2,«i+i = ±C at a = a'j_ , (3.35) 

IC2.ni+i|<C for a e A'. (3.36) 

Furthermore, from H3.26|l . ()3.28f) . H3.29|l and the assumption (2) of Proposition |0] we have 

1^4, m + l < J^4,ni - ^i^l.ni > (3.37) 

ICe.ni + l |t^4,ni + l < Co , (3.38) 
|C8,ni + l|t^4,rii + l < Cl (3.39) 

for any a ^ A. Thus, the assumptions of Proposition 12.11 have been reproduced at the next stage by 
replacing a± by a'^.. Therefore, Bleher-Sinai argument |lj ||2j| ill] j7| P.25] applies and, (|2.22|) and H2.23|l 
hold for some a e A because of (|3.37|) and (|2.17|) . □ 



4 0(oo) trajectory 

In this section, we solve the recursion relations 12.24|I - H2.26|I with (|2.27|) . Using the solution, we derive 

(oc 



bounds on the Taylor coefficients v'^^^j — 1,2,3,4, defined in H2.28|l and show Proposition 12. 21 



4.1 Recursions 

We firstly confirm the initial point H2.27|l . 
Lemma 4.1 Put 

Dg = {{a,T]) e (0, oo) X C I 2a|?7| < 1 or largjy- ^\ < or |arg7? + ^| < 9} 
for 9 > 0. Then, for a sufficiently small 9, it holds that 

lin, ^.W(^) = ^i== , (a,^) e De , (4.1) 

N^oo dr] " 1 + VI - 4a27;2 

where the convergence is uniform in {a,r]) on any compact subset of Dg. Furthermore, V2^Q,j > 1, 
converges as N —^ oo. 

Remark. In this section, we use H4.1(l only for rj with 2a\rj\ < 1. The result for ri near the imaginary axis 
will be used in Sectional 



Proof. The Fourier transform of 1)1. 6(1 is written as 

feW(g)^r(jV/2) ^%^-^^^"^^ (4.2) 
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as a function of ^ = |^|, where denotes the Bcsscl function of order v: 



J„{z) = —-=^ — ^/ cos(z cos 6*) sin^'' 6ld6l . (4.3) 



The derivative of the scaled potential defined by H2.7|l is therefore given by 

d UN 



Then, using the relation 

Jv~l{z) + Ju+l{z) = —Jy{z) 

z 



we have 



ri^vi''\^) = "-^ , £>1, (4.5) 

dr] ^ ci 



1 - 



C2 



C3 



1 - 

Cl-1 



where 



Co = a^if , (4.6) 

J > 1 , (4.7) 



9 9 



Now, let 6* be a sufficiently small positive constant, and let D' be any compact subset of Dq- Then, by 
choosing a sufficiently large £ (depending on £>'), we see that the right hand side of H4.5|l is well-defined 
for (a, 77) S D' and is holomorphic in 77. Furthermore, it holds that 

lini „ („) ^ = 2"'^' (4 9) 



1 



for (a, 77) G -D', where the convergence is uniform on D' . The last statement of the lemma is obvious. □ 



Consider the recursion relations (|2.24|l - (|2.27|l . Since Vn [t^rj] and Vn'{rj) are even with respect to 
77, we can define functions Un{t, x) and Un{x) by 

Un{t,Tf) = v''r\i.v) , 1 , (4.10) 

Un{Tf) = v^^\f^) , n>Q , (4.11) 
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respectively. Then, (|2.24(l - (|2.27|l become 

d f d d 

— Un{t,x)^'ix[—Un{t,x)\ -2 — Un{t,x), (4-12) 

u„(0,x) = 2u„_i(^) , (4.13) 

Unix) ^ Uni^,x) - Un{^,0) , (4-14) 

Mx) = / ; -===dy , (4.15) 

Jo 1 + V 1 - 4a2?; 

where n > 1. 

Now, let us denote the inverse of p = u^ix) hy x = Wn(p) and the inverse of p = u^(i, x) by 
X = Wn{t,p) for each t. Then, Wn{p) and Wn{t,p) obey the following recursion relations: 

^{t,p) = ~Ap^^{t,p) - 8pwn{t,p) + 2 , (4.16) 
w„(0,p) = 2uJWn-l{ujp) , (4-17) 
Wnip) = Wn{^,p) , (4.18) 



1 

2p 4p2 



-o(p)---7-5. (4.19) 



4.2 Solutions 



The equation (|4.16(l with the initial condition 1)4.17(1 can be explicitly solved. In fact, as is checked by 
direct calculation, the function 



(4.20) 



, , 1 / 1 iuj , w ,\ 

solves (|4.16|l and H4.17|l . This together with (|4.18(l and l|1.7|) implies 

, , 1 / 1 4ljJ \ / . ^1 N 

2p V p + uj — I [p + uj — 1)^ p ^ + u — 1 J 

This recursion with H4.19|l is then solved as follows: 

Furthermore, this combined with H4.20|l yields 

Wn{t,P) = ^\P+\Y.-, 177— -T-^(-)""'| ' «>l,i>0,P>0. (4.23) 

2p^ \ 2 uj^ — uo + At. + p ^ 2 (jj I 

Now, u'j^{t, x) is obtained as the inverse of a; = Wn{t,p). We here have to choose an appropriate branch 
of the multi-valued inverse. 

Lemma 4.2 (1) For n> 1 and t >0, the equation 

Wn{t,p) ^0,p> (4.24) 

has a unique solution p, which we hereafter denote hy 7r„(t). The function 7r„(t) is continuous with 
respect to t > and satisfies 

^(t,7r„(i)) >0 , t>0. (4.25) 
op 
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(2) For n > 1, there exists uniquely a continuous function u'^^{t^x) defined on {{t^x) G M x C | t G 



[0, |a;| < pn} such that 

Wn{t,u'Jt,x))=x , t e [0,^], |x| < p„ , (4.26) 
<(t,0)=^„(t) , te[0,^], (4.27) 

where pn > is a suitably chosen constant independent oft. Moreover, the functions u'j^{t,x),n > 1, 
are holomorphic with respect to x and satisfy 

^""n+ilO, 2cja;) = <(^, a;) , n > 1 , < min(p„, , (4.28) 

Proof. (1) We see from (|4.23|l that 2p^Wn{t,p) is increasing with respect to p > and 

[ +00 , p — > +00 , 

holds. Then, 14.2411 has a unique solution p. The remaining statements are obvious. 

(2) Because of (14.2511 . there exists uniquely a continuous function p ~ Uj^{t,x) defined on {{t,x) € 
M X C I t G [0, 'I], |a;| < p„} satisfying H4.26|l and (|4.27|l for some positive constant p„ independent 
of t. Since the function Wn(t,p) is holomorphic on the complex half plane 'Sip > for each t e [0, 
u'j^{t,x) is holomorphic with respect to x. Let us show H4.28|l . Since H4.26|I . 14.17(I and 1)4.18(1 imply 

X = w„(0, u^(0,a;)) = 2ww„_i(a;M^(0, x)) = 2ww„_i(^, a;u^(0, x)) , 

we have 

Wn-i{^,uju'j0,2cjx))^x . (4.29) 
Furthermore, since (|4.17ll and H4.18|l imply 

= «^«-i(^,7r„_i(^)) = w„_i(7r„_i(^)) = )) ' 

we have 



that is. 



c^<(0,0) =Lj^„(0) = 7r„_i(^) 



Therefore, we can conclude from H4.29|l that 



uju'„{0,2ujx) = <_i(-,a;) 



holds because of the uniqueness of u',^_i{(3/2,x). 



Using the function u'^(t,x) in Lemma 14.21 we define Un{t,x) by 



□ 



unit,x)= f u'^{t,y)dy-2 [ <(s,0)ds (4.30) 



for n> 1, i e [0, ^] and for x £ C with |a;| < p„. Obviously, it holds that 



u'„it,x) ^ -^Unit,x) . (4.31) 
ox 



We also define u„(x),n > 0, so that (|4.13|l holds. 
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Lemma 4.3 The functions Un{t,x),n > 1, and u„(x),n > 0, are holomorphic with respect to x and 

satisfy (|4.12() - ()4.15|l . Furthermore, p = u'„{x) — —Unix) is an inverse of x = 

dx 

Proof. Equations (|4.16() and H4.26|l imply 

^^u'Jt,x)^8xu'n{t,x)-^u'n{t,x)+AuUt,xf ~2-^u'n{t,x) . (4.32) 

Therefore, Un{t,x) satisfies H4.12|l because of H4.3()|l and (|4.:U() . Furthermore, H4.13(l and (|4.28(l imply 

a d (3 

from which we obtain H4.14|l . 

Next, we show ()4.15f) . From (|4.13l) with n = 1, we see that 

Uq{x) — U!u'i{0,2u!x). 

Then, and iBTzjl imply 

x= ■^wi{Q,u[{Q,2ujx)) ^wa{Luu[{Q,2ujx)) =wq{u'q{x)). (4.33) 
2uj 



Because of H4.19|) . this means 



(4.34) 



2u'oix) 4w;,(x)2 ■ 

Since 14.34|l holds at a; = as well, we have (|4.15|) . 

Finally, the function p = u'^^x) is an inverse of a; = Wn{p), because u'^ix) — uJ^(/3/2,a;) and Wn{p) — 

wn{p/2,p). a 

Let us define vl^^ [t, rf) and (ry) by 14.1()|l and 14.11|l . respectively. As a consequence of Lemma^31 
Vn°'^ iv) ^'^d {t, rf) can be Taylor-expanded as 12.28|l and 

oo 

v^r\t,ri)^Y.^^£n{tW ' (4-35) 



respectively, in a neighborhood of 77 = 0. Thus, in view of l|2.24|l - H2.26|l and H2.27|l . we see that v'^nit) 



and i^2j°n satisfy the following recursion relations: 



|^2r^(0 - E - (2j + 2)4r+L(i) , (4.36) 

m+l=2j+2 
mX>2 

(00) /„N _ 2 (00) 
^2j,n{^} - (2t^)j''2i^"-l ' 



(4.37) 



= -2S(f ) ' (4-38) 
- 1™ ■ (4.39) 

4.3 Asymptotics 

In what follows, we derive the asymptotic forms (|2.29() - (|2.31|l with bounds on Cfe^\ k — 2,6, 8, and show 
Proposition 12.21 

As is shown in Lemma [4.31 p = u^(x) is an inverse of a; = Wn{p)- Then, the Taylor coefficient 

^^S^jilSW' ^-^l'"^!' (4-40) 
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is calculated from (|4.22(l . For convenience' sake, we introduce the variable s by 

1 

1 - s 



p = (4.41) 



and regard s as a function of x. 

Lemma 4.4 The functions s — s{x) and p — p{x) satisfy 

S = 6n{2xp^ + Jn - Rn{s}) (4.42) 

where 

1 



n/2 + l 



Substituting 

2^ 



into we obtain 

where 



2xp =-7„ + 5„ s + i?„(s), 

LO-l ,1 2 1 ^ 
In = ^ + - - 

s2 1" / 2\^ 
— + 25:b 1 



S 2 ^-^ j 1 — LJ 3 s 



(4.43) 



7n = ^ + (a' - 2 - a/2)2"/2-i , (4.44) 

1 1 " 1 
-^(137 + 2^ 217^)- (4.45) 

Proof. From 14.22|l . we see that 

1 ^ s 2 cjJ ~ s 2 a; 



Since uj — V2, we have the lemma. □ 



Remark. Ea. H4.44|l implies that the critical value of a is ^/2 + ^/2. 

Consider the case a; = in (|4.42|) . Then, cr„ = s(0) satisfies 

CT„ = (5„(7„ - i?„(cr„)) , cr„ < 1 . (4.47) 

In H4.47|l . if 5n is small and if |7„| is not large, then we see that (t„ = 0((5„). To be precise, using 
successive approximations, we can show 

k„| < CiSn (4.48) 

for n and a satisfying e.g. 

< ^, (4.49) 

\ln\ < 10 , (4.50) 

where C4 is a positive constant. 
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Lemma 4.5 Suppose that n and a satisfy (|4.5Q(I and 



Then, it holds that 



Furthermore, if we write 



n > C5 . (4.51) 

CeSn < 'yi'Z' < CrSn , (4.52) 

WtJ - Sn\ < Cs6l , (4.53) 

ICffl<C9, fc = 6,8. (4.54) 

Ct^ = ^hn-^) + Z.,, (4.55) 



then Z„ has the bound 



\Zn\< Cio ■ (4.56) 
In the above, Cm's are positive constants independent of n. 
Proof. We choose the constant C5 sufficiently large so that (|4.5()|l and H4.51|l imply 

|cr„| < C^Sn < - , 
Sn\R'M\ < I ■ 

Now, H4.41|l and H4.42|l imply that derivatives oi s — s{x) and of p — p{x) are given by 

s'{x) = 25nP{xfDrXx) , (4.57) 
p'{x) = p{xfs'{x) = 26nP{xfDr,{x) , (4.58) 

respectively, where 

1 - AdnXp{xY + 5nR'n[s{x)) 

Then, it holds that 

^^"^ (l-a„)4(l + *„i?;(a„)) ' 
from which together with 14.4()|l we obtain H4.52|l and (|4.53|l . Furthermore, from H4.58|l we have 

p"{x) = ^5^p{xfp'{x)D^{x) + 25r,p{xfD'^{x) . (4.60) 

This implies 

p"(0) - 24(5,2 ^ 85„(p(0)V(0)i?„(0) - 2,5„) + 25„(p(0)4i?;(0) - 4,5„) 

and hence 

|p"(0) - 245^1 < const.53 _ 

Then, we have the bound 14.54|l on c}i^ ■ Similarly, differentiating the both sides of H4.60|l . we obtain 

the bound on Cs'^''- 

Let us show (|4.56|l . Since (|4.47|l imply 

p(0) - 1 - -^(5„ = cr„ + (jIp{Q) - -^Jn 

= 5n{ln - -^) - <5„i?„(cr„) + cr^p(O) , 
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we have 



This yields 



V, 



(oo) \/2 



4,n 



and hence the bound H4.56|l . □ 



Proof of Provosition \2.S\ We choose rii sufficiently large so that l|4.51|l and 

r . / 1 l_ £o ei 

o„, < mm ^ ^^^^ , , 2^^^^ , 2C7C9 ' 

hold. By virtue of (|4.44l) . there exist a++ and a such that 

- = Cy(2C + Cio)(5„i , at a = a++ , 

7„i - -C|(2C + Cio)(5„i , at a = a — . 

Since ^ 

I7ni--^|<1, a€[Q; — , , 

(|4.5()|l holds for n = ni and a G [a ,«++]. Then, l|4.52|l and H4.54|l imply (j2.,S4(l ~ (|2.36|l . Furthermore, 

and imply lf?3^ and □ 



5 From ©(A'^) trajectory to Q{oo) trajectory 

In Section 01 we obtained the solution v'l^ {t) to the system of ordinary differential equations (|4.36(l - 
(|4.38|) with (|4.39|) . This system is the formal limit of H2.13|l - H2.15|l as — s- 00. In this section, we show 
Proposition 12. 31 namely, the fact that the solution i^lf^J (t) to (|2.13() - (|2.15() is convergent as ^ 00 and 

the limit coincides with i/^^ (t) . 

This fact is by no means trivial, because H2.1()|l is a singular perturbation of H2.24|l and because the 
initial value problem for the infinite dimensional system of ordinary differential equations lacks uniqueness 
of solution. In order to show that v\!^^{t) is convergent, we use 1/iV expansion developed by Kupiaincn 
[2j . His method for spin systems on regular lattices also applies to our hierarchical model. 

5.1 Boundedness 

We begin with the basic bound on the 'mass term' 1^2^^ {t) uniform in N . 
Lemma 5.1 For t > 0,n> 1,q;>0 and N > 1, it holds that 

0<41Ht)<'-a^{^iy . (5.1) 
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Proof. We go back to the renormalization group transformation H1.8(l in the configuration space: 



'(i) 

where 



(5.2) 



(5.3) 



Note that v'"2^^{t) is related to the moment of the measure hl^\t,x)dx as 

= x\hi^\t,x)dx^^ f \x\^hi^Ht,x)dx , (5.4) 



where a; = (a;i, X2, - ■ ■ ,xn) 

Let r„ be th 
that r„'s satisfy 



Let r„ be the radius of Supp ft-i^''(-) for n > 0. Since Supp hi^\t, •) = Supp/il^^(-) for i > 0, we see 

''n < \ —rn-1 , n>l. 
V oj 



2 \ "/2 / 2 ^ "^^ 



Hence we have 

Tn < ro l^^j = VNa 

which together with (|5.4(l imphes (|5.1|l . □ 

Based on the above lemma, we show the following bound independent of N. 

Lemma 5.2 For j > l,n > 1 and a2 > ai > 0, there exists a positive constant Cn = Cii(2j, n, ai, 012) 
such that 

< 4Tnit) < Cii (5.5) 

holds for a e [ai , Q!2] , t G [0, /3 /2] and N > I. 

Proof. For n = 0, the lemma follows from Lemma l4.ll 

Let n > 1. If j = 1, (|5.1() implies H5.5|l . Let j > 1. We drop the last term in the right hand side of 
(|TT^ so that we obtain 



m,t>2 

Then, we can show the lemma by induction on n and j. □ 



5.2 Convergence 

We now employ the 1/N expansion. Let us consider the representation Hl.l|) - (|1.4(l in the following 
form: 



(</),Ja(0'/') 



(F)A,t = ^iy— / #i^(</.)exp(l(0,JA(i)0)) n 5{\M-^oc) 



Z^it) 
2t 



E '^eA,...,ei 
eA:...,9i=o,i 



fc=i ^ ^ eA,...,efc+i=o,i 



E <^eA,...,ei 

,91=0,1 



Zf)(t)= / d0exp(i(0,JA(t)0)) [] (5(|</.e|-V7Va) . 

eex:A 



(5.6) 
(5.7) 

(5.8) 
(5.9) 
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Note that we have introduced i-dependence in the right hand side of (|5.8(l in order to study the t-dependent 
correlation i^i^J{t). 

Let (l)g \i = 1, 2, • • • , TV, be the i-th component of 4>g G M^. For a set A of lattice points in £a, same 
point possibly occurring several times, we write 

n 



Let 

iV 



( n ^A)^,t = E ^™(^' i^^})^^™ (5-10) 



be the formal expansion of the correlation (ni=i )A,t- (See P| P.278].) 

Proposition 5.3 Theorem 2] For r > 0, a2 > ai > 0, A > 2, there exists a positive constant 
Ci2 = Ci2{r, ai, a2, A) such that, for t G [0, /3/2], a e (ai, a2) and N > C12, t/ie remainder of the 1/N 
expansion up to 0{N~^^^) has the bound 



N 



<R{r,ai,a2,A,{A.})N~\ (5.11) 



i— 1 m— 

where i?(r, ai, a2, A, {Ai}) is a constant independent of N 



Remark. The above proposition can be proved along the same line of argument as 0. In Appendix^ we 
check the properties to be assumed for applying the method of 9 to our hierarchical system (|5.6|) - (|5.9|l . 
Note also that A > 2 should be assumed, since we need bounds uniform in t e [0,f3/2]. {Ji{t) vanishes 
as t 0.) 

Proposition 15 . 31 plavs a key role in the proof of the lemma below (for n > 2). 
Lemma 5.4 For j > I and n> 1, the limit 

N—^oo ' 

exists, where the convergence is uniform in t d [0,(3/2] and in a on any compact subset of (0, 00). 

Remark. In the proof below, we assume n > 2 and apply Proposition 15. 31 The case n = 1 is dealt with in 
Section 



Proof Let n > 2. Put, for j > 1, 

aillit) = {xl')n,t , (5.13) 

4?:i(.)(0 = (-ir^|^4SW^ (5-14) 
where xi denotes the first component of the block spin 

(2Z^^^^/^--'^- (5-15) 

Note that a2j'^(c)(^) connected part of a^^\{t), namely, 

"2^rl(c)(*) = {xi;Xi;- ■ ■ ■,Xi)n,t ■ (5.16) 
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Applying Proposition we expand correlations a'^^^{t) up to 0(A^^^+^) with remainder estimates. 
These expansions yield an expression for the connected part a2j'n(c)(^)' which all the terms up to 
0(A^~''+-'^) are explicitly written: 

= E a2,,„,™(c)(i)A^-™ + a(^ig(i) , (5.17) 

m=0 

where a2j^n,m(c){'t)N~"^ stands for the sum of explicit terms of 0(A^~™) and ci'^^^^^{t) denotes the 
remainder with the property: 

lim N3-^a[!^.^}\{t)^Q . (5.18) 
Since 15.5|l implies that the right hand side of (|5.14|) is uniformly bounded in N , we see 

a2i,n,m(c)(i) = > "1 = 0, 1,2,- • • ,j - 2 , (5.19) 



so that we have 



This implies 



v. 



(-1)^-1 

^ (2j)! °2j.»j-i(c)(^) , ^ oo . 



□ 



5.3 Limit 

Thanks to Lemma [5.41 we can take limits in both sides of H2.13|l - (|2.15|l &s N ^ oo : 

^V2j,n{t) = E 1^^'^ni,n{t)l'£,n{t) ~ {2j + 2)D2j+2,nit) , (5.20) 
m+e=2j 
m,e>2 

l^2j,«(0) = -77^i^2j,n~-l , (5.21) 



(2^) 

'■2 

and we can write (|4.39|l as 



f3 

V2j.n = v2jAt;) > (5-22) 



^2j,o = J^2j?o ■ (5-23) 

Although the system (|5.2U|) - H5.22I) has the same form as l|4.36ll - H4.38|) . we need an additional condition 
in order to ensure the equality V2j^n{t) — ^2j'ni^)- 

Lemma 5.5 /n addition to and we assume 

^2,n(i) = 4?W, ie[0,^],n>l. (5.24) 



Then, it holds that 



^2,;„(<) = '^SW ' ^e[0,^],n>l,j>l. (5.25) 
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Proof. Solving (|4.36|l and H5.2()|l with respect to i^2j+2.ni^) ^^'^ i^2j+2,n (i), respectively, we see by induction 
that holds. ' □ 

Proof of Provosition \2.!^ Let us show (15.24(1 . Since p — u'„{t, x) is an inverse x — Wn {t,x), (jCTIj) and 
imply that 

4%\t)^<{t,0)^^n{t) , (5.26) 
where 7r„(i) is the unique positive solution to Wn{t,p) = (see Lemma 14.211 . Then, in view of (|4.23|) . we 
see that V2°n (^) is the unique positive solution to 

J = l LUl -UJ + 4t+ 

On the other hand, using the variable xi, the first component of x defined by H5.f 5|l . we have 

i^2,n(i) = Imi iyi%\t) ^ lim i(x?>„,t , 

= lim — ^ y (0^'Vi'^)„t. (5.28) 
w^oo 2(2w)" ^ ^ ' ' ^ ^ 

In order to calculate limjv^oo ('/'e^Ve' we use again the expansion. (We can assume n > 2 or 
t > 0, since, if n = f and t — 0, H5.24|l has been established in H5.23|l .'l Decompose J„(t) defined by 1(5. 8|l 
with A = n as follows: 

Jn{t)=A+HoI . 

Here / denotes the identity matrix and the real constant fiQ is chosen so that 

Al„ = 

holds, where we denoted 1„ — *(1, 1, 1) e M^". 
Now, put 

C = i-A + m^I)-^ (5.29) 

for > 0. 

Lemma 5.6 It holds that 

2^ 

y Cge' = , (5.30) 

= (|)" E _ ^ + 4i + 2c."m2 + 2^^ ' (^-^^^ 

This lemma will be shown in Appendix I A. 21 
Now, choose so that Cee — o? holds, i.e., 

i^yn-S^ ?! I ^ ^ oP- ("5 32) 

Then, we have IS P. 284] 

lim = Cee' ■ (5.33) 

Now, together with (|^^ and (|On|l imphes 

Thus, we obtain ((F?^ from (^23), lf^31jl and ((FT7|) . 

Since 1(5.24(1 holds. Lemma [5. 41 and Lemma [5.51 yield Proposition 12. 31 □ 
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6 The first effective theory 

In this section, we prove Lemma |5.4l for n = 1. For this purpose, we study the first effective measure 
density: 



h[''^{t,x) ^-^eMt\x\')l^^h^o'^\^x + y)hi''\^x-y)dy, x e 



where 

Z[''\t)= [ dxcMt\x\') f dyh[''\.l^x + y)h[''\.[^x-v) . (6.1) 

Let us denote integrations with respect to the measures h'\^\x)dx and h[^\t,x)dx by ( • )o and 
( • )i, respectively. 



Lemma 6.1 Put 



Then, we have 



k=0 



= n ( 1 + ]^ ) ' ^ 1 • (6.2) 



OO 



h'^\o-i^T.^^^-e"\ (6.3) 



2 \ m 



m— 1 



2™m! 



m— 1 ^ ^ 



Proof. The equahty (|6.3|l follows from (|4.2|l . Let us show (|6.4|1 . 
By virtue of spherical symmetry, we have 

m=0 ^ 

where ^ = |^| and xi is the first component of a; G M^. Similarly, we have 



Comparing H6.6|l with H6.3|l . we see that 



Now, note that the expectation ( • )o gives average over an N dimensional sphere. Then, integrating 
with respect to the radial distribution of }i{^\t,(^), we obtain from 1)6. 7|l 

This together with H6.5|l gives (|6.4(l . □ 
Now let us introduce the connected part 

= ;|a^|2)i (6.8) 

of (|a;p'^)i with \x\'^ as units, namely, we define (|a;p'^)i_cc, ^ = li2, - • • , by 

m=0 ■ \fc=l ' / 
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or, equivalently 

(i-ni = E E ;^Tf^ n<N''^)i.-' -^1. (6-10) 

n 

where the summations are taken over the sets of all (fci, fci, • • • , fc„) G N" with E] = ^-nd over 
n G N. Note that we can get information on the connected part (|a;p'^)i_cc from z[^\t), since 

{\xni,cc^(^^y\ogZ[''\t), k>l. (6.11) 

Lemma 6.2 For k ~ 1,2, ■ ■ ■ , the limit lim — (|a;p*')i.cc exists, where the convergence is uniform in 
t e [0, P/2] and in a on any compact subset of (0, oo). 

Proof. We carry out the integrations in the right hand side of H6.1|l : 

= const. / dx f dyeM^\^ + y\')h[f'Hx)hi''\y) 

= const. exp( — 7Va^) / dx dye:xjp{ — {x,y))S{\x\ — VNa)d{\y\-~VNa) 

t f t 

= const. exp(-7Va2) / dx5{\x\ - VNa)h'i^\ |a;|) 



const. exp(-jVQ^)/j,l^^( VNa) . 

\/—luJ 



Therefore, we have 



llogZ^W = const. + ■ (6.12) 



Lemma 14.11 implies that the right hand side of I|fi.l2|l converges as iV — > oo, where the convergence is 
uniform in t on any compact subset of a certain neighborhood of the real axis and in a on any compact 
subset of (0, oo). Then, the limit 

exists for fc > 1, i G [0, /3/2] and for a > 0. The convergence is uniform in t G [0, (3/2] and in a on any 
compact subset of (0,oo). □ 



Next, we define the connected part Ak^c of Ak by 



or equivalently 



l+E^-" = exp(^E^^1 ' (6-13) 



1 ! " 



Lemma 6.3 For k — 1, 2, • • • , the limit lim N*' ^A^ c exists. 
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Proof. From 1)6. 8|l and 1)6.18(1 . we have 



and hence 



kl ' 2 



Then, it holds that 



k=l 



Since Lemma l4 . 1 1 implies that i^jfe'o converges as iV — > cxd, we obtain the lemma. □ 



Put, for m > 1, 

^7n.C (I'^l )l,CC ; 

and write H6.4|l as 

M"^(?) = E^(-I^r- (6-15) 



We now introduce connected parts of the product "Ai?" . Let Vm be the set of all partitions of 
{1, 2, • • • , m}. Then, H6.14|l and H6.1()|l can be written as 

PeVm leP 

^™ " E n ■^1^1.'= ' 

respectively, where |/| denotes the number of elements of /. Here, we think each I G Vm to connect 
elements contained in / into a single component by |/| — 1 links (bonds). The connected part of "Ai?" is 
by definition 

{AB)k,c^ E Xfc(P,Q)n ^1^1-11 ^1^1.-' (6.16) 

P,Q<£Vk leP J<£Q 



where 



..(pn\-J 1' {1,2,- •• ,fc} is connected by FU Q , , . 

Xk[^,^) - i 0^ otherwise . ' ' 



In this notation, we can write (|6.15(l as 



Thus, we obtain the formula: 



"^kAt) - ^^i-^) ■ (6.18) 

Lemma 6.4 for fc = 1,2, 3, - • •, the limit lim — (A_B)fe^c exists, where the convergence is uniform in 
t e [0, /3/2] and m a on any compact subset of (0, oo). 
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Proof. Consider the term 

leP .leQ 

in the right hand side of (|6.16() corresponding to a pair of partitions P,Q G Vk with Xk{P,Q) = 1- 
Suppose that the partition P consists of n elements, that is, the set {1, 2, • • • , fc} is decomposed into n 
disjoint subsets each of which is connected by some element of P. Then, Lemma 16.81 implies that the 
quantity 

N'-" n ^i^K- = n ^'""'^1^1.= 

leP leP 

is convergent as oo. On the other hand, Q should have at least n — 1 links because otherwise the 

set {1, 2, • • • ,k} could not be connected by P U Q. Let us denote the number of elements of Q by n' . 
Then, we have n' < fc — n + 1 and Lemma 16.21 implies that 

j^-k+n-l -Q ^^^^^^^ ^ j^n'-{k-n+l) -Q N-^B^l^^ 

JeQ JeQ 

is convergent. Thus, we see that 

^i;iP, Q) = N'-- n ■ iV-'+"-i n ^1^1.- 

leP JeQ 

is convergent and we obtain the lemma. □ 

Lemma [5.41 for n = 1 directly follows from Lemma [6. 41 and H6.18(l . 
Acknowledgments. I would like to thank T.Hattori and T.Hara for valuable discussions and comments. 



A Hierarchical Gaussian 



In this appendix, we show the properties to be assumed when we apply the 1/iV expansion ^ to the proof 
of Proposition l5.3l we prove the reflection positivity fLemma lA.l|l and certain bounds on the hierarchical 
Laplacian fLemma IA.2|I . In addition we prove Lemma 15.61 
Let us write ()5.6|I - H5.9|I as follows: 



where 



zAt) 



We define a matrix B by 



= {eA,...,ei) e La , 



h....Mi=0.1 



fe=i ^ ' eA,...,efc+i=o,i 

d0exp(i(0,J0)) II Si\M^-Na^) 



(3, fc = 1,2,--- ,A- 1 , 
2t , k = A . 

{B(j))r = X! '^^''i 



(A.l) 
(A.2) 

(A.3) 
(A.4) 

(A.5) 
(A.6) 



1=0,1 
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and write 

J = Y^^B*''bK (A.7) 

fc=i ^ 

Precisely saying, B'^ should be written as a product of distinct matrices Bi,B2, - ■ ■ ,Bk. We however 
suppressed the subscripts of B for simplicity. 

A.l Reflection Positivity 

For / = 1, 2, • • • , A, we define the reflection pi on the lattice La by 

Lemma A.l The measure {■) j has reflection positivity with respect to pi, I = 1,2, ■■ ■ , A. 

Remark. Since the reflection planes for / = 1, 2, • • • , A, separate the 2^ points in ILa from each other, 
we have "the chessboard bound" U used in from this lemma. 

Proof. We fix I. Let us define the upper half space with respect to pi by 

Ll = {e\ei = 1} 

and denote the set of all polynomials in e ilj, by P+. The lower half space iL^ and the set of 
all polynomials in t/ig, G are similarly defined. 

We look into the fc-th term in the right hand side of ljA.7(l . Put 

and write 



,B*'B^<^)=M\^^ y: 



Suppose that I > k. Note that 



V'eA,...,efc+i e 



P-, ^(=0. 



Putting 



we have ip'^ = piip'^ and hence 



eA,...,efc+i=o,i 
01=1 

V'- = ^eA,...,e.+i > 

eA,...,efc+i=o,i 

01=0 

Then, {(j), B*'^ B''(j)) — HV'lP makes a reflection-positive interaction. 
Suppose that I < k. We can decompose ip as 

with 

ip~ = pi'ip'^ . 

Then, we have 

iiV'ip = ll^+ + p;V+iP = llV'+iP + PdlV'+iP + 2 J2 ^L...,e.^ML...,B.^. ■ 

0A,---,0h + l 

This means that {(/), B*''B''(/)) — makes a reflection-positive interaction. □ 
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A. 2 Hierarchical Laplacian 

We decompose J as 

J = Aa + Mo/ (A.8) 

so that 

AaIa = (A.9) 
holds, where mo is a constant and 1a = 1, • • • , 1) € R^^. In fact, using Bl^-k = V^lA-fe-i, we have 

A 

Mo 



— --^(1a, JIa) = X] 



■■ ■■ fe=i 
and hence 

-^A = E ^{-B*'B'' + /) = E ^i-P>^ + 1) 

k=l k=l 



where 

Since BB* = L it holds that 



Pk=B*''B'', A; = 0,l,2,--- ,A. 



P* = P, , (A. 11) 



namely, Pj 's are orthogonal projections satisfying 

Pa < Pa-1 <---<Pi<Po = I . 

Define Qj, j = 0, 1, 2, • • • ,A, by 

Qj = Pj-Pj+i, j = 0,l,2,--- ,A-1 , 
Qa = Pa. 

Then, Qo,Qi,- " ) Qa constitute orthogonal projections with 

QjQk — ^jkQj ^ 
A 

In this notation, matrices — Aa + m^/ and C = (— Aa + w?I)~^ are written as 

A 



-Aa + to^/ = E yuQk , for > , (A.12) 

k=0 

C = V — Qfe , for > , (A.13) 
— ' III. 



k=o 



where 



f A 

E ^+m2, fc = 0,l,2,--- ,A-1 



yk= \ 



3=k+i (A.14) 



, , fc = A . 

Lemma A. 2 (1) The matrix — Aa is positive semi- definite and its eigenvalues lie in [0,mo]- 
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(2) For I > I, it holds that 



< Tr C" < 



-.21 



Proof. (1) Put = in (f02|) and (f04)l . Then, we see that the smaUest eigenvalue of — Aa is and 
the largest one is 



(2) Note that (|J?T3)l imphes 



2 '^"i 2'^-'=-i 1 



; = i,2,-.- 

Since ljA.14|l implies yk > rn? , we can estimate the right hand side of (|A.15|I . 



(A.15) 



□ 



Based on Lemma FA. H and Lemma rA.2l we can apply the 1/A'' expansion [H] to the hierarchical system 
and obtain Proposition 15. 31 

Proof of Lemma \5.f)\ (1) Note that (|A.13|I and the equality 

RAn R*A Jo, < J < A - 1 , 



yield 



This means (I5.30|l . 
(2) Since 



1 



{Qj)9B = \ 2-A j = A ^ e i^A , 



A.13|l implies 

A-i ^ ^ 



Now, under (|A.5|I we have 

1 

I 5 



if'+^Vk 2AyA 



(w'^-'^ - w + 4t + 2w^m2) , < A: < A - 1 , 



fc = A 



Then, it holds that 



2' ^ uj^ ~uj + 4t + 2wAto2 2Arn2 



□ 
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